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1. Introduction
The geometry of an m-dimensional smooth submanifold in an n-dimensional Riemann
space is determined by two symmetric fundamental tensor fields (equivalently, quadratic
differential forms): the first fundamental form, that is, the metric tensor, and the second
fundamental form, the latter with values in normal vector bundle of the submanifold. It is
well known that the first one is parallel by definition, but the second one does not need to
be parallel. Therefore an interesting class of submanifolds with parallel second fundamental
tensor field can be singed out, and its classification is an enduring and important topic.
It is a long history of studying minimal submanifolds with parallel second fundamental
form in various Riemannian spaces. The first result on parallel submanifolds was given by
V.F. Kagan [16] in 1948 who showed that the class of parallel surfaces in 3-dimensional Eu-
clidean space consists of open parts of planes, round spheres and circular cylinders S1×R1.
Since then, there have emerged many works on parallel submanifolds in not only Euclidean
space, but also various Riemannian spaces (see [8, 9, 17, 20] and the references therein).
In an elegant paper [18], H. Nakagawa and R. Takagi studied some properties about Käh-
ler imbeddings of compact Hermitian symmetric spaces in complex projective space CPn
and gave a classification of Kähler submanifolds in CPn with parallel second fundamental
form. In 1984 A. Ros [19] decided all compact Einstein Kähler submanifolds in CPn with
parallel second fundamental form. Generally, studying classifications of conformal minimal
two-spheres immersed in various Riemannian symmetric spaces with parallel second fun-
damental form is very difficult. Recently, we discussed the geometry of conformal minimal
immersions from S2 to the hyperquadric Qn and gave a complete classification theorem of
them under the assumption that they have parallel second fundamental form (cf. [14]). L.
He and the first author also classified all conformal minimal two-spheres immersed in the
quaternionic projective space HPn with parallel second fundamental form (cf. [11]).
1 X.X. Jiao
School of Mathematical Sciences, University of Chinese Academy of Sciences, Beijing 100049, P. R.
China
e-mail: xxjiao@ucas.ac.cn
2 M.Y. Li (Corresponding author)
School of Mathematics and Statistics, Zhengzhou University, Zhengzhou 450001, P. R. China
e-mail: limyan@zzu.edu.cn
1
2LetG(2, N ;C) be the complex Grassmann manifold consisting of all complex 2-dimensional
subspaces in the complex vector space CN . Regarding CPN−2, QN−2 and HPn (N =
2n + 2) are maximal totally geodesic submanifolds in G(2, N ;C), it was natural to try
to extend these results described above to study the rigidity of harmonic maps from S2
to G(2, N ;C). Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion
with Gauss curvature K and second fundamental form B. Suppose B is parallel, in this
paper, we firstly investigate geometry of φ by the theory of harmonic maps and generalize
our characterization of the harmonic sequence generated by φ. Then we mainly study the
rigidity of φ and give its classification according to the following four cases:
(I) φ is a holomorphic curve in G(2, N ;C);
(II) rank ∂′φ = rank ∂′′φ = 1;
(III) rank ∂′′φ = 2 and rank ∂′φ = 1;
(IV) rank ∂′φ = rank ∂′′φ = 2.
Our classification theorems of φ for cases (I)-(IV) are as follows respectively:
Theorem 1.1. Let φ : S2 → G(2, N ;C) be a linearly full holomorphic curve, and let K
and B be its Gauss curvature and second fundamental form respectively. If B is parallel,
then φ belongs to one of the following minimal immersions.
(1) up to U(3) equivalence, φ is V
(2)
0 ⊕ V (2)1 : S2 → G(2, 3;C) with K = 2 and ‖B‖2 = 4;
(2) up to U(3) equivalence, φ is V
(1)
0 ⊕ c0 : S2 → G(2, 3;C) with K = 4 and ‖B‖2 = 0,
where c0 = (0, 0, 1)
T ;
(3) up to U(4) equivalence, φ is V
(2)
0 ⊕ c0 : S2 → G(2, 4;C) with K = 2 and ‖B‖2 = 4,
where c0 = (0, 0, 0, 1)
T ;
(4) up to U(4) equivalence, φ is V̂
(1)
0 ⊕ V (1)0 : S2 → G(2, 4;C) with K = 2 and ‖B‖2 = 0;
(5) up to U(6) equivalence, φ is V̂
(2)
0 ⊕ V (2)0 : S2 → G(2, 6;C) with K = 1 and ‖B‖2 = 2.
Theorem 1.2. Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion
with rank ∂′φ = rank ∂′′φ = 1, and let K and B be its Gauss curvature and second
fundamental form respectively. If B is parallel, then φ belongs to one of the following
minimal immersions.
(1) up to U(4) equivalence, φ is V
(3)
1 ⊕ V (3)2 : S2 → G(2, 4;C) with K = 23 and ‖B‖2 = 83 ;
(2) up to U(3) equivalence, φ is V
(2)
0 ⊕ V (2)2 : S2 → G(2, 3;C) with K = 1 and ‖B‖2 = 0;
(3) up to U(4) equivalence, φ is V̂
(1)
0 ⊕ V (1)1 : S2 → G(2, 4;C) with K = 2 and ‖B‖2 = 0;
(4) up to U(4) equivalence, φ is V
(3)
0 ⊕ V (3)3 : S2 → G(2, 4;C) with K = 23 and ‖B‖2 = 83 ;
(5) up to U(6) equivalence, φ is V̂
(2)
0 ⊕ V (2)2 : S2 → G(2, 6;C) with K = 1 and ‖B‖2 = 2;
(6) up to U(4) equivalence, φ is V
(2)
1 ⊕ c0 : S2 → G(2, 4;C) with K = 1 and ‖B‖2 = 0,
where c0 = (0, 0, 0, 1)
T ;
(7) up to U(6) equivalence, φ is V
(4)
2 ⊕ c0 : S2 → G(2, 6;C) with K = 13 and ‖B‖2 = 43 ,
where c0 = (0, 0, 0, 0, 0, 1)
T .
Theorem 1.3. Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion
with rank ∂′φ = 1 and rank ∂′′φ = 2, let K and B be its Gauss curvature and second
fundamental form respectively. If B is parallel, then φ belongs to one of the following
minimal immersions.
(1) up to U(4) equivalence, φ is V
(3)
1 ⊕ V (3)3 : S2 → G(2, 4;C) with K = 25 and ‖B‖2 = 0;
3(2) up to U(5) equivalence, φ is V̂
(1)
1 ⊕ V (2)1 : S2 → G(2, 5;C) with K = 45 and ‖B‖2 = 0;
(3) up to U(6) equivalence, φ is V
(4)
3 ⊕ α : S2 → G(2, 6;C) with K = 25 , ‖B‖2 = 45 , where
α = (V
(4)
2
T
,
√
48e
√−1θ)T for some constant θ.
Theorem 1.4. Let φ : S2 → G(2, N ;C) be a ∂′-irreducible and ∂′′-irreducible linearly
full conformal minimal immersion,and let K and B be its Gauss curvature and second
fundamental form respectively. If B is parallel, then φ belongs to one of the following
minimal immersions.
(1) up to U(5) equivalence, φ is V
(4)
1 ⊕ V (4)3 : S2 → G(2, 5;C) with K = 15 and ‖B‖2 = 0;
(2) up to U(6) equivalence, φ is V̂
(2)
1 ⊕ V (2)1 : S2 → G(2, 6;C) with K = 12 and ‖B‖2 = 0;
(3) up to U(10) equivalence, φ is V̂
(4)
2 ⊕V (4)2 : S2 → G(2, 10;C) with K = 16 and ‖B‖2 = 23 .
In these four theorems, V
(n)
i denotes the linearly full Veronese surface in CP
n, its stan-
dard expression is given in Section 2 below. If n ≤ N − 2, for one thing, we add zeros to
the end of V
(n)
i such that it belongs to C
N , in the absence of confusion, we also denote it
by V
(n)
i ; for another, we denote it as V̂
(n)
i by adding zeros to the front of V
(n)
i such that
it belongs to CN also.
Theorems 1.1-1.4 give the classification of all linearly full conformal minimal immersions
from S2 to G(2, N ;C) with parallel second fundamental form, no two of the above eighteen
cases are congruent, i.e. there is no isometry of G(2, N ;C) such that it transforms one case
into another.
2. Preliminaries
LetM,ds2M be a simply connected domain in the unit sphere S
2 with metric ds2M = dzdz,
and (z, z) be a complex coordinate on M . Denote
Az =
1
2
s−1∂s, Az =
1
2
s−1∂s,
where s is a smooth map from M to the unitary group U(N), ∂ = ∂
∂z
, ∂ = ∂
∂z
. Then s is
a harmonic map if and only if it satisfies the following equation (cf. [21]):
∂Az = [Az , Az]. (2.1)
Suppose that s : S2 → U(N) is an isometric immersion, then s is conformal and minimal
if it is harmonic. Let ω be the Maurer-Cartan form on U(N), and let ds2
U(N) =
1
8trωω
∗ be
the metric on U(N). Then the metric induced by s on S2 is locally given by
ds2 = −trAzAzdzdz.
We consider the complex Grassmann manifold G(2, N ;C) as the set of Hermitian or-
thogonal projections from CN onto a 2-dimensional subspace in CN . Then map φ : M →
G(2, N ;C) is a Hermitian orthogonal projection onto a 2-dimensional subbundle φ of the
trivial bundle CN = M × CN given by setting the fibre φ
x
= φ(x) for all x ∈ M . φ is
called (a) harmonic ((sub-) bundle) whenever φ is a harmonic map. Here s = φ− φ⊥ is a
map from S2 into U(N). It is well known that φ is harmonic if and only if s is harmonic.
φ is a holomorphic (resp. anti-holomorphic) curve in G(2, N ;C) if and only if φ⊥∂φ = 0
(resp. φ⊥∂φ = 0).
4For a conformal minimal immersion φ : S2 → G(2, N ;C), two harmonic sequences are
derived as follows:
φ = φ
0
∂′−→ φ
1
∂′−→ · · · ∂′−→ φ
i
∂′−→ · · · ∂′−→ 0, (2.2)
φ = φ
0
∂′′−→ φ−1
∂′′−→ · · · ∂′′−→ φ−i
∂′′−→ · · · ∂′′−→ 0, (2.3)
where φ
i
= ∂′φ
i−1 and φ−i = ∂
′′φ−i+1 are Hermitian orthogonal projections from S
2×CN
onto Im
(
φ⊥i−1∂φi−1
)
and Im
(
φ⊥−i+1∂φ−i+1
)
respectively, i = 1, 2, . . ..
Now recall ([3], §3A) that a harmonic map φ : S2 → G(2, N ;C) in (2.2)(resp. (2.3)) is
said to be ∂
′
-irreducible (resp. ∂
′′
-irreducible) if rank φ
1
= rank φ (resp. rank φ−1 = rank
φ) and ∂
′
-reducible (resp. ∂
′′
-reducible) otherwise.
For an arbitrary harmonic map φ : S2 → G(2, N ;C), we know that several consecutive
harmonic maps in (2.2) are not mutually orthogonal generally. So it is meaningful to define
the isotropy order (cf. [3]) of φ to be the greatest integer r such that φ⊥φi for 1 ≤ i ≤ r.
As in [6] call a harmonic map φ : S2 → G(2, N ;C) (strongly) isotropic if φ has isotropy
order ≥ r for all r. In this case we just set r =∞.
Definition 2.1. Let φ : S2 → G(2, N ;C) be a map. φ is linearly full if φ can not be
contained in any proper trivial subbundle S2 × Cn of S2 × CN (n < N).
In this paper, we always assume that φ is linearly full.
Suppose that φ : S2 → G(2, N ;C) is a linearly full harmonic map and it belongs to the
following harmonic sequence:
φ
0
∂′−→ · · · ∂′−→ φ = φ
i
∂′−→ φ
i+1
∂′−→ · · · ∂′−→ φ
i0
∂′−→ 0 (2.4)
for some i = 0, . . . , i0. We choose local frames e
(i)
1 , e
(i)
2 , . . . , e
(i)
ki
such that they locally span
subbundle φ
i
of S2 × CN , where ki = rank φi.
Let Wi =
(
e
(i)
1 , e
(i)
2 , . . . , e
(i)
ki
)
be an (N × ki)-matrix. Then we have
φi =WiW
∗
i , W
∗
i Wi = Iki×ki , W
∗
i−1Wi = 0, W
∗
i+1Wi = 0.
By these equations, a straightforward computation shows that{
∂Wi =Wi+1Ωi +WiΨi,
∂Wi = −Wi−1Ω∗i−1 −WiΨ∗i ,
(2.5)
where Ωi is a (ki+1 × ki)-matrix, Ψi is a (ki × ki)-matrix for i = 0, 1, 2, . . . , i0, and Ωi0 = 0.
It is very evident that integrability conditions for (2.5) are
∂Ωi = Ψ
∗
i+1Ωi − ΩiΨ∗i ,
∂Ψi + ∂Ψ
∗
i = Ω
∗
iΩi +Ψ
∗
iΨi − Ωi−1Ω∗i−1 −ΨiΨ∗i .
For a conformal immersion φ : M → G(2, N ;C), we define its Kähler angle to be the
function θ :M → [0, pi] given in terms of a complex coordinate z on M by (cf. [2, 4])
tan
θ(p)
2
=
|dφ(∂/∂z)|
|dφ(∂/∂z)| , p ∈M.
5It is clear that θ is globally defined and is smooth at p unless θ(p) = 0 or pi. φ is holomorphic
(resp. anti-holomorphic) if and only if θ(p) = 0 (resp. θ(p) = pi) for all p ∈ M , while φ is
totally real if and only if θ(p) = pi2 for all p ∈M .
Let φ : S2 → G(2, N ;C) be a conformal minimal immersion with the harmonic sequence
(2.4), put Li = tr(ΩiΩ
∗
i ), then, in terms of a local complex coordinate z, its Kähler angle
θ satisfies
(tan
θ
2
)2 =
Li−1
Li
.
The metric induced by φ is given in the form
ds2i = (Li−1 + Li)dzdz , λ
2dzdz. (2.6)
Let K and B be the Gauss curvature and second fundamental form of φ respectively, then
we have{
K = − 2
Li−1+Li
∂∂ log (Li−1 + Li),
‖B‖2 = 4trPP ∗, (2.7)
where P = ∂
(
Az
λ2
)
with Az = (2φ− I)∂φ, I is the identity matrix (cf. [12, 13]).
In the following, we review the rigidity theorem of conformal minimal immersions with
constant curvature from S2 to CPN .
Let ψ : S2 → CPN be a linearly full conformal minimal immersion, a harmonic sequence
is derived as follows
0
∂′−→ ψ
0
∂′−→ · · · ∂′−→ ψ = ψ
i
∂′−→ · · · ∂′−→ ψ
N
∂′−→ 0 (2.8)
for some i = 0, 1, . . . , N .
We define a sequence f0, . . . , fN be local sections of ψ0, . . . , ψN inductively such that f0
is a nowhere zero local section of ψ
0
(without loss of generality, assume that ∂f0 ≡ 0) and
fi+1 = ψ
⊥
i (∂fi) for i = 0, . . . , N − 1. Then we have some formulae as follows:
∂fi = fi+1 +
〈∂fi, fi〉
|fi|2 fi, i = 0, . . . , N − 1, (2.9)
∂fi = − |fi|
2
|fi−1|2 fi−1, i = 1, . . . , N. (2.10)
Consider the Veronese sequence
0
∂′−→ V (N)0 ∂
′−→ V (N)1 ∂
′−→ · · · ∂′−→ V (N)N
∂′−→ 0.
For each i = 0, . . . , N , V
(N)
i : S
2 → CPN is given by V (N)i = (vi,0, . . . , vi,N )T , where, for
z ∈ S2 and j = 0, . . . , N ,
vi,j(z) =
i!
(1 + zz)i
√(
N
j
)
zj−i
∑
k
(−1)k
(
j
i− k
)(
N − j
k
)
(zz)k.
Each map V
(N)
i satisfies
|V (N)i |2 =
N !i!
(N − i)! (1 + zz)
N−2i, (2.11)
it has induced metric ds2i =
N+2i(N−i)
(1+zz)2 dzdz, and the corresponding constant curvature Ki
is given by Ki =
4
N+2i(N−i) .
By Calabi’s rigidity theorem, Bolton et al proved the following rigidity result (cf. [2]).
6Lemma 2.2 ([2]). Let ψ : S2 → CPN be a linearly full conformal minimal immersion of
constant curvature. Then, up to a holomorphic isometry of CPN , the harmonic sequence
determined by ψ is the Veronese sequence.
3. Holomorphic curves with parallel second fundamental form
We recall that an immersion of S2 in G(2, N ;C) is conformal and minimal if and only if
it is harmonic. Thus, we shall consider harmonic maps from S2 to G(2, N ;C) with parallel
second fundamental form to give the proof of Theorems 1.1-1.4 in Section 1.
Let φ : S2 → G(2, N ;C) be a harmonic map with Gauss curvature K and second
fundamental form B. Suppose that B is parallel, it is known that such 2-spheres in
G(2, N ;C) have constant curvature. To give a complete classification, in this paper we
analyze φ by the following six cases:
(I) φ is a holomorphic curve in G(2, N ;C);
(II) rank ∂′φ = rank ∂′′φ = 1;
(III) rank ∂′φ = 1 and rank ∂′′φ = 2;
(IV) rank ∂′φ = rank ∂′′φ = 2;
(V) φ is an anti-holomorphic curve in G(2, N ;C);
(VI) rank ∂′φ = 2 and rank ∂′′φ = 1.
For cases (V) and (VI), since the conjugations of corresponding φ : S2 → G(2, N ;C)
belong to cases (I) and (III) respectively, we only consider the classification of φ in cases
(I)-(IV) here.
In this section we first discuss the case that φ is holomorphic, then a harmonic sequence
is derived by φ via the ∂
′
-transform
0
∂′−→ φ ∂′−→ φ
1
∂′−→ · · · ∂′−→ 0.
To characterize φ, we need the following two Lemmas about parallel minimal immersions
of 2-spheres in G(k,N ;C) as follows:
Lemma 3.1. ([13]) Let φ : S2 → G(k,N ;C) be a conformal minimal immersion with
Gauss curvature K and second fundamental form B. Suppose that B is parallel, then the
following equations{
λ2
(
2K + ‖B‖2)Az + 4[Az , [Az, Az ]] = 0,
λ2
(‖B‖2
4 −K
)
P + [[Az , Az], P ] = 0
(3.1)
hold.
Lemma 3.2. ([13]) Let φ : S2 → G(k,N ;C) be a conformal minimal immersion with
Gauss curvature K and second fundamental form B. Then B is parallel if and only if the
equation
λ2
16
‖B‖2(8K + ‖B‖2)− 2tr[Az, P ][Az , P ∗] + 5tr[Az, Az ][P,P ∗] = 0 (3.2)
holds.
In the following we shall analyze φ by rank φ
1
=1 and rank φ
1
=2 respectively.
73.1. ∂
′
-reducible holomorphic curves with parallel second fundamental form.
Here we suppose that φ is a holomorphic curve from S2 to G(2, N ;C) with parallel second
fundamental form and rank ∂
′
φ = 1. To characterize these holomorphic curves, firstly we
state one of Burstall and Wood’ results as follows:
Lemma 3.3 ([3]). Let φ : S2 → G(2, N ;C) be harmonic with ∂′φ of rank one and
A′′φ(kerA
′⊥
φ ) = 0. Then either (i) there is an anti-holomorphic map g : S
2 → CPN−1
and φ = ∂(−i)g⊕∂(−i−1)g for some integer i ≥ 0, (it can be shown that φ is a Frenet pair);
or (ii) there are maps g, h : S2 → CPN−1 anti-holomorphic and holomorphic respectively
such that ∂′h ⊥ g and φ = g ⊕ h, i.e. φ is a mixed pair.
A
′
φ and A
′′
φ shown in Lemma 3.3 are vector bundle morphisms from φ to φ
⊥, they are
defined by A
′
φ(v) = piφ⊥(∂v) and A
′′
φ(v) = piφ⊥(∂v) respectively for some v ∈ C∞(φ) (cf.
[3]). Here clearly we have A′′φ(kerA
′⊥
φ ) = 0 from the assumption that φ is holomorphic,
then by the above Lemma, to finish the characterize of φ, we distinguish two cases: φ is a
Frenet pair, or φ is a mixed pair.
Firstly we consider the case that φ is a Frenet pair. In this case
φ = f
0
⊕ f
1
: S2 → G(2, N ;C),
it belongs to the harmonic sequence as follows
0
∂′−→ φ = f
0
⊕ f
1
∂′−→ f
2
∂′−→ · · · ∂′−→ f
n
∂′−→ 0,
where 0
∂′−→ f
0
∂′−→ f
1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0 is a linearly full harmonic sequence in CPn
with N = n + 1. By making use of φ =
f0f
∗
0
|f0|2 +
f1f
∗
1
|f1|2 , we directly get the following basic
formulae
∂φ =
f2f
∗
1
|f1|2 , ∂φ =
f1f
∗
2
|f1|2 , λ
2 =
|f2|2
|f1|2 , Az = −
f2f
∗
1
|f1|2 , Az =
f1f
∗
2
|f1|2 , (3.3)
[Az , Az] =
|f2|2
|f1|4 f1f
∗
1 −
1
|f1|2 f2f
∗
2 , [Az, [Az , Az]] = −
2|f2|2
|f1|4 f1f
∗
2 .
Then it follows from P = ∂
(
Az
λ2
)
that
P = − 1|f2|2 f3f
∗
1 +
|f1|2
|f0|2|f2|2 f2f
∗
0 (3.4)
and
[[Az, Az ], P ] =
1
|f0|2 f2f
∗
0 −
1
|f1|2 f3f
∗
1 . (3.5)
For convenience, we denote
M1 = −λ
2(2K + ‖B‖2)
4
, M2 = λ
2(K − ‖B‖
2
4
). (3.6)
From the two equations of (3.1) we get
M1 = −2λ2, M2 = λ2,
which verifies that
8K +
‖B‖2
2
= 4, K − ‖B‖
2
4
= 1,
and therefore
K = 2, ‖B‖2 = 4.
By substituting the metric of φ shown in (3.3) into equation K = 2, we immediately get
n = 2.
Further we find that f
0
: S2 → CP 2 is of constant curvature, then using the rigidity
theorem of Bolton et al ([2]), up to a holomorphic isometry of CP 2, f
0
is a Veronese
surface. We can choose a complex coordinate z on C = S2\{pt} so that f0 = UV (2)0 , where
U ∈ U(3) and V (2)0 has the standard expression given in Section 2. By Lemma 3.2, it can
easily be checked that, for any U ∈ U(3),
φ = UV
(2)
0 ⊕ UV (2)1 : S2 → G(2, 3;C) (3.7)
is of parallel second fundamental form because it satisfies (3.2).
Next, we consider the case that φ is a mixed pair. In this case
φ = f
0
⊕ c0 : S2 → G(2, N ;C),
where c0 is the line bundle spanned by constant vector (0, 0, . . . , 0, 1)
T in CN , φ belongs
to the harmonic sequence as follows
0
∂′−→ φ = f
0
⊕ c0 ∂
′−→ f
1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0, N = n+ 2.
By making use of φ =
f0f
∗
0
|f0|2 +
c0c
∗
0
|c0|2 and a similar calculation as the first case above, it is
very evident that
λ2 =
|f1|2
|f0|2 . (3.8)
Thus f
0
: S2 → CPn, n = N − 2 is also of constant curvature, and there exists some
U ∈ U(n + 1) s.t. f0 = UV (n)0 . To determine φ, we shall divide our discussion into two
cases, according as n = 1, or n ≥ 2.
If n = 1. Under this supposition, it can be checked that for any U ∈ U(3),
φ = UV
(1)
0 ⊕ c0 (3.9)
is a totally geodesic map from S2 to G(2, 3;C) with constant curvature K = 4 by direct
computation (adding zero to the end of V
(1)
0 such that it belongs to C
3, in the absence of
confusion, we also denote it by V
(1)
0 ).
If n ≥ 2. Direct computations show that
Az =
f0f
∗
1
|f0|2 , [Az, [Az , Az]] = −
2|f1|2
|f0|4 f0f
∗
1 , P = −
f2f
∗
0
|f1|2 , [[Az , Az], P ] = −
f2f
∗
0
|f0|2 .
(3.10)
Then using relations [Az, [Az , Az]] =M1Az and [[Az , Az], P ] =M2P , we find easily
M1 = −2λ2, M2 = λ2. (3.11)
9With it we further obtain
K = 2, ‖B‖2 = 4, (3.12)
which implies that
n = 2.
From Lemma 2.2, up to a holomorphic isometry of CP 2, f
0
, f
1
, f
2
: S2 → CP 2 are
Veronese surfaces. Then by Lemma 3.2, it can easily be checked that, for any U ∈ U(4)
φ = UV
(2)
0 ⊕ c0 : S2 → G(2, 4;C) (3.13)
is of parallel second fundamental form with constant curvature K = 2 (adding zero to the
end of V
(2)
0 such that it belongs to C
4).
Summing up, we get the following property
Proposition 3.4. Let φ : S2 → G(2, N ;C) be a linearly full holomorphic curve with
parallel second fundamental form. Suppose rank ∂
′
φ = 1, then φ is congruent to cases (1)
(2) or (3) in Theorem 1.1.
3.2. ∂
′
-irreducible holomorphic curves with parallel second fundamental form.
Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion with Gauss curva-
ture K and second fundamental form B. Suppose that B is parallel and φ is holomorphic
with ∂
′
-irreducible, then a harmonic sequence derived by φ via the ∂
′
-transform is as follows
0
∂′−→ φ ∂′−→ φ
1
∂′−→ · · · ∂′−→ 0 (3.14)
with rank φ
1
=2.
Since φ is holomorphic, it is possible to obtain its local section f0 such that f0 is a
holomorphic subbundle of φ. Without loss of generality, we assume that ∂f0 = 0. Therefore
f
0
is a linearly full harmonic map from S2 to CPn for some n < N and belongs to the
following harmonic sequence
0
∂′−→ f
0
∂′−→ f
1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0.
From the fact rank φ=2, we immediately see that there exists another local section α of
φ such that φ = α⊕ f
0
. Set
α1 = ∂α− 〈∂α, α〉|α|2 α, α−1 = ∂α−
〈∂α, α〉
|α|2 α, β = A
′
φ(f0), γ = β
⊥ ∩ φ
1
.
By Theorem 2.4 of [3] and (3.14), the forward replacement of f
0
gives a new harmonic map
α⊕ β : S2 → G(2, N ;C),
which belongs to the following harmonic sequence:
0
∂′′←− f
0
∂′′←− α⊕ β ∂′−→ · · · ∂′−→ 0.
From it we arrive at the following equations
α1 =
〈∂α, β〉
|β|2 β +
〈∂α, γ〉
|γ|2 γ, α−1 = −
〈α, f1〉
|f0|2 f0.
By making use of φ = αα
∗
|α|2 +
f0f
∗
0
|f0|2 , it is an elementary exercise to show that
Az =
〈β, f1〉
|f0|2|β|2 f0β
∗ +
1
|α|2αα
∗
1, λ
2 =
〈β, f1〉〈f1, β〉
|f0|2|β|2 +
|α1|2
|α|2 ,
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[Az, [Az, Az ]] = −2 〈f1,β〉〈β,f1〉〈β,f1〉|f0|4|β|4 f0β∗ − 2
〈f1,β〉〈β,f1〉〈β,α1〉
|f0|2|α|2|β|4 αβ
∗
−2 〈β,f1〉〈α1,β〉|f0|2|α|2|β|2 f0α∗1 − 2
|α1|2
|α|4 αα
∗
1.
From the supposition that φ is of parallel second fundamental form, then the following
can be easily checked {
M1β = −2 〈f1,β〉〈β,f1〉|f0|2|β|2 β − 2
〈β,α1〉
|α|2 α1,
M1α1 = −2 〈f1,β〉〈β,f1〉〈α1,β〉|f0|2|β|4 β − 2
|α1|2
|α|2 α1
by the relation [Az, [Az , Az]] = M1Az given in Lemma 3.1. From it straightforward com-
putations show
〈α1, β〉 = 0, −M1 = 2〈β, f1〉〈f1, β〉|f0|2|β|2 = 2
|α1|2
|α|2 = λ
2, (3.15)
which establishes that
K +
‖B‖2
2
= 2. (3.16)
Set λ1 = − 〈f1,β〉λ2|f0|2|β|2 , λ2 = −
1
λ2|α|2 , applying equation P = ∂(
Az
λ2
) it follows that
P = ∂λ1βf
∗
0 + λ1∂βf
∗
0 + ∂λ2α1α
∗ + λ2∂α1α∗ + λ2α1(∂α)∗. (3.17)
Then under the assumption ∇B = 0 and using Lemma 3.1, [[Az , Az], P ] = M2P is equiv-
alent to
λ1(M2 − |α1|
2
|α|2 )∂β = [2∂λ1
|α1|2
|α|2 + λ1
|α1|2〈∂β,β〉
|α|2|β|2 −M2∂λ1]β
+[λ1
〈∂β,α1〉
|α|2 − 2λ2
|α1|2〈f1,α〉
|α|2|f0|2 + λ2M2
〈f1,α〉
|f0|2 ]α1,
(3.18)
and
λ2(M2 − |α1|
2
|α|2 )∂α1 = [2∂λ2
|α1|2
|α|2 + 2λ2
|α1|2〈α,∂α〉
|α|4 + λ2
〈∂α1,α1〉
|α|2
−M2∂λ2 −M2λ2 〈α,∂α〉|α|2 ]α1
+λ2
|α1|2〈∂α1,β〉
|α|2|β|2 β.
(3.19)
With this, we have therefore conclude
Proposition 3.5. Let φ : S2 → G(2, N ;C) be a linearly full ∂′-irreducible holomorphic
curve with parallel second fundamental form, then φ is congruent to cases (4) or (5) in
Theorem 1.1.
Proof. In our prove, by observing equations (3.18) and (3.19), we discuss the rigidity of φ
by cases M2 =
|α1|2
|α|2 and M2 6=
|α1|2
|α|2 respectively.
Firstly we discuss the case M2 =
|α1|2
|α|2 . In this case we immediately have
M2 =
λ2
2
,
which shows
K = 1, ‖B‖2 = 2
by combining it with (3.16). Therefore it follows from (3.18) and (3.19) that
〈∂α1, β〉 = 0, ∂λ1 + λ1 〈∂β, β〉|β|2 = 0, (3.20)
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∂λ2 + λ2
〈∂α1, α1〉
|α1|2 + λ2
〈α, ∂α〉
|α|2 = 0, (3.21)
λ1
〈∂β, α1〉
|α1|2 − λ2
〈f1, α〉
|f0|2 = 0. (3.22)
Choose local frame
e1 =
f0
|f0| , e2 =
α
|α| , e3 =
β
|β| , e4 =
α1
|α1| ,
by the first relation in (3.15) we know that this frame is unitary. SetW0 = (e1, e2), W1 =
(e3, e4), then by (2.5), we obtain
Ω0 =
( 〈f1,β〉
|f0||β| 0
0 |α1||α|
)
.
This together with equation (3.15) implies that
|detΩ0|2 = (λ
2)2
4
. (3.23)
Since φ : S2 → G(2, N ;C) is a harmonic map with constant curvature K = 1, complex
coordinate z on C = S2\{pt} can be chosen so that the induced metric ds2 = λ2dzdz is
given by ds2 = 4
(1+zz)2
dzdz, where L0 =
4
(1+zz)2
. Therefore we clearly get
L1 = L0
from the unintegrated Plücker formulae (cf. [12])
∂∂ log |detΩ0|2 = −2L0 + L1
and (3.23), which implies that φ1 : S
2 → G(2, N ;C) is totally real with constant curvature
1
2 . Then from [1, 10] and [15], adding zeros to the end of V
(2)
1 such that it belongs to C
6,
φ
1
= UV
(2)
1 ⊕UV (2)1 : S2 → G(2, 6;C) or φ1 = JUV
(2)
1 ⊕UV (2)1 : S2 → G(2, 6;C) for some
U ∈ U(6), so we have
φ = UV
(2)
2 ⊕ UV (2)0 : S2 → G(2, 6;C)
or
φ = JUV
(2)
2 ⊕ UV (2)0 : S2 → G(2, 6;C),
here J : C6 → C6 is the conjugate linear map given by left multiplication by j (cf.
[10]). In the absence of confusion, let V
(2)
0 = (1,
√
2z, z2, 0, 0, 0)T and V̂
(2)
0 =
(0, 0, 0, 1,
√
2z, z2)T (we shall use such notions repeated below), in summary, up to
an isometry of G(2, N ;C), φ can be expressed as
φ = UV̂
(2)
0 ⊕ UV (2)0 : S2 → G(2, 6;C),
which is of parallel second fundamental form with K = 1 and ‖B‖2 = 2 by a series of
calculations, and it is congruent to the case (5) in Theorem 1.1.
Next we discuss the case M2 6= |α1|
2
|α|2 . In this case, using Theorem 4.5 of [13], we get
∂α1 =
〈∂α1, α1〉
|α1|2 α1 +
〈∂α1, β〉
|β|2 β, ∂β =
〈∂β, α1〉
|α1|2 α1 +
〈∂β, β〉
|β|2 β,
and relations (3.20)-(3.22) from the facts M2 6= |α1|
2
|α|2 , M2 6= λ2 and conditions shown in
(3.18) and (3.19).
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Then substituting (3.20)-(3.22) into (3.17), we get P = 0, i.e. φ : S2 → G(2, 4;C) is
totally geodesic with constant curvature K = 2 from (3.16), the harmonic sequence given
in (3.14) becomes
0
∂′−→ φ ∂′−→ φ
1
∂′−→ 0.
Adding zeros to V
(1)
0 , let V
(1)
0 = (1, z, 0, 0)
T and V̂
(1)
0 = (0, 0, 1, z)
T , it follows from [5]
and [7] that, up to an isometry of G(2, 4;C),
φ = UV̂
(1)
0 ⊕ UV (1)0 : S2 → G(2, 4;C)
is totally geodesic with K = 2 for some U ∈ U(4), and it is congruent to the case (4) in
Theorem 1.1. In summary we get the conclusion. 
Propositions 3.4 and 3.5 give a classification of all linearly full holomorphic maps from
S2 to G(2, N ;C) with parallel second fundamental form, from them we get Theorem 1.1
in Section 1.
4. Minimal two-spheres with parallel second fundamental form and rank
∂′φ = rank ∂′′φ = 1
Accordingly, in this section, we consider conformal minimal immersions φ : S2 →
G(2, N ;C) under the assumption that ∇B = 0 and rank ∂′φ = rank ∂′′φ = 1. To charac-
terize φ, we first prove the following property:
Proposition 4.1. Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion
with the second fundamental form B. Suppose that B is parallel and rank ∂′φ = rank
∂′′φ = 1, then φ belongs to one of the following cases.
(i) φ is a Frenet pair, i.e. φ = f
i−1⊕f i, where f i : S2 → CPn is harmonic and N = n+1;
(ii) φ is a mixed pair, i.e. φ = f
0
⊕ g
m
, where f
0
: S2 → CPn is holomorphic and
g
m
: S2 → CPm is anti-holomorphic;
(iii) φ = f
i
⊕ c0, where c0 = (0, 0, . . . , 0, 1)T in CN , f i : S2 → CPn is harmonic and
N = n+ 2.
Proof. The harmonic sequence derived by φ via the ∂
′
and ∂
′′
-transforms is as follows:
0
∂′′←− · · · ∂′′←− φ−1
∂′′←− φ ∂′−→ φ
1
∂′−→ · · · ∂′−→ 0. (4.1)
Since φ is harmonic and rank ∂′φ = rank ∂′′φ = 1, it is possible to choose local sections
fi+1, gj−1 of φ1 and φ−1 respectively such that φ1 = f i+1, φ−1 = gj−1, here f i+1 : S
2 →
CPn and g
j−1 : S
2 → CPm are both harmonic. Such (4.1) can be rewritten as
0
∂′′←− g
0
∂′′←− · · · ∂′′←− g
j−1
∂′′←− φ ∂′−→ f
i+1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0. (4.2)
In (4.2), gj and fi are both local sections of φ.
If g
j
= f
i
. Let ρ be the local section of φ such that φ = f
i
⊕ ρ, then (4.2) becomes
0
∂′′←− f
0
∂′′←− · · · ∂′′←− f
i−1
∂′′←− φ = f
i
⊕ ρ ∂′−→ f
i+1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0.
By using ∂ρ = 〈∂ρ,ρ〉|ρ|2 ρ, it suffices to prove that ρ is a constant section in C
N satisfies
〈ρ, fk〉 = 0, k = 0, 1, . . . , n, N = n + 2, which implies that φ belongs to case (iii). This
completes the proof in the case g
j
= f
i
.
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If g
j
6= f
i
. In this case we claim 〈fi, gj〉 = 0, i.e. A′′φ(kerA
′⊥
φ ) = 0 and then, φ belongs
to cases (i) or (ii) by Lemma 3.3. For this purpose we put α = gj − 〈gj ,fi〉|fi|2 fi, then from
(4.2) and expression φ = αα
∗
|α|2 +
fif
∗
i
|fi|2 , direct computations show that
Az =
1
|fi|2 fif
∗
i+1 +
1
|gj−1|2 gj−1g
∗
j
[Az, [Az, Az ]] = −2|fi+1|
2
|fi|4 fif
∗
i+1 − 2|gj |
2
|gj−1|4 gj−1g
∗
j +
|gj |2〈gj−1,fi+1〉
|fi|2|gj−1|4 fig
∗
j−1 +
|fi+1|2〈fi,gj〉
|gj−1|2|fi|4 gj−1f
∗
i
+
〈gj−1,fi+1〉
|fi|2|gj−1|2 fi+1g
∗
j +
〈fi,gj〉
|gj−1|2|fi|2 gjf
∗
i+1.
Using [Az, [Az , Az]]fi+1 =M1Azfi+1 we find
[M1
|fi+1|2
|fi|2 + 2
|fi+1|4
|fi|4 −
|gj |2〈fi+1, gj−1〉〈gj−1, fi+1〉
|fi|2|gj−1|4 ]fi =
|fi+1|2〈fi, gj〉
|fi|2|gj−1|2 gj ,
which gives
〈fi, gj〉 = 0
from the supposition f
i
6= g
j
.Thus the proof of our property is complete. 
From Proposition 4.1, to finish the complete classification of φ in (4.2) with parallel
second fundamental form, we distinguish three cases respectively: φ is a Frenet pair; φ is
a mixed pair; whereas φ = f
i
⊕ c0.
Lemma 4.2. Let φ : S2 → G(2, N ;C) be a linearly full Frenet pair with parallel second
fundamental form and rank ∂′φ = rank ∂′′φ = 1, then up to U(4) equivalence, φ belongs to
case (1) in Theorem 1.2.
Proof. Let us first assume that φ = f
i−1 ⊕ f i : S2 → G(2, N ;C), where f i : S2 → CPn is
harmonic with N = n+ 1 and φ belongs to the following harmonic sequence
0
∂′′←− f
0
∂′′←− · · · ∂′′←− f
i−2
∂′′←− φ = f
i−1 ⊕ f i
∂′−→ f
i+1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0, (4.3)
i ≥ 2, n ≥ i + 1. On the one hand, by making use of φ = fi−1f
∗
i−1
|fi−1|2 +
fif
∗
i
|fi|2 and fact
[Az, [Az , Az]] =M1Az, it is an elementary exercise to check that
M1 = −2 |fi+1|
2
|fi|2 = −2
|fi−1|2
|fi−2|2 = −λ
2, (4.4)
which further implies that
2i = n+ 1, K +
‖B‖2
2
= 2. (4.5)
On the other hand, by using φ it is suffices to prove that
2P =
|fi−2|2
|fi−1|2|fi−3|2 fi−1f
∗
i−3 +
|fi|2
|fi−1|2|fi+1|2 fi+1f
∗
i−1 −
1
|fi−1|2 fif
∗
i−2 −
1
|fi+1|2 fi+2f
∗
i
and
2[[Az , Az], P ] =
1
|fi−3|2 fi−1f
∗
i−3 −
1
|fi|2 fi+2f
∗
i .
Then [[Az, Az ], P ]fi−1 =M2Pfi−1 is equivalent to
M2 = 0, K =
‖B‖2
4
. (4.6)
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Therefore combining (4.5) and (4.6) we have
i = 2, n = 3, K =
2
3
, ‖B‖2 = 8
3
. (4.7)
By relation in (4.4) and (4.7) we find that f
2
: S2 → CP 3 is of constant curvature,
using the rigidity theorem of Bolton et al ([2]), up to a holomorphic isometry of CP 3, f
2
is a Veronese surface. We can choose a complex coordinate z on C = S2\{pt} so that
f2 = UV
(3)
2 , where U ∈ U(4) and V (3)2 has the standard expression given in Section 2.
Finally, in proving Lemma 4.2, it is easy to check that, for any U ∈ U(4),
φ = UV
(3)
1 ⊕ UV (3)2 : S2 → G(2, 4;C)
is of parallel second fundamental form with K = 23 and ‖B‖2 = 83 , thus the proof of our
lemma is complete. 
Lemma 4.2 proves the case that φ is a Frenet pair, more interesting is naturally the
case that φ is a mixed pair, which we are going to suppose from now on. Without loss of
generality, we express it by
φ = g
m
⊕ f
0
: S2 → G(2, N ;C),
where f
0
: S2 → CPn is holomorphic and g
m
: S2 → CPm is anti-holomorphic for some
m < N and n < N . Then we have the following harmonic sequence:
0
∂′′←− g
0
∂′′←− · · · ∂′′←− g
m−1
∂′′←− φ = g
m
⊕ f
0
∂′−→ f
1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0.
Basing on the formula φ = gmg
∗
m
|gm|2 +
f0f
∗
0
|f0|2 , it is evident that
Az =
1
|f0|2 f0f
∗
1 +
1
|gm−1|2 gm−1g
∗
m, λ
2 =
|f1|2
|f0|2 +
|gm|2
|gm−1|2 ,
[Az, [Az , Az]] = −2|f1|
2
|f0|4 f0f
∗
1−
2|gm|2
|gm−1|4 gm−1g
∗
m+
|gm|2〈gm−1, f1〉
|f0|2|gm−1|4 f0g
∗
m−1+
〈gm−1, f1〉
|f0|2|gm−1|2 f1g
∗
m.
Then analyzing [Az , [Az, Az ]] =M1Az we find
[M1 + 2
|f1|2
|f0|2 ]f1 =
|gm|2〈f1, gm−1〉
|gm−1|4 gm−1, [M1 + 2
|gm|2
|gm−1|2 ]gm−1 =
〈gm−1, f1〉
|f0|2 f1.
(4.8)
Now we prove
Lemma 4.3. Let φ : S2 → G(2, N ;C) be a linearly full mixed pair with parallel second
fundamental form and rank ∂′φ = rank ∂′′φ = 1, then φ is congruent to cases (2) (3) (4)
or (5) in Theorem 1.2.
Proof. From (4.8), to finish the classification of φ, we distinguish two cases: f
1
= g
m−1,
whereas f
1
6= g
m−1.
(a) f
1
= g
m−1. In this case we have
−M1 = |f1|
2
|f0|2 =
|gm|2
|gm−1|2 =
λ2
2
,
which establishes that
m = n = 2, g
m
= f
2
,
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where f
0
, g
m
: S2 → CP 2 are both harmonic maps with constant curvature. Therefore, by
Lemma 2.2, there exists some U ∈ U(3) s.t. f0 = UV (2)0 , and the expression for φ becomes
φ = f
0
⊕ f
2
= UV
(2)
0 ⊕ UV (2)2 : S2 → G(2, 3;C).
For any U ∈ U(3), it can be easily calculated that such φ = f
0
⊕ f
2
is totally geodesic
with constant curvature K = 1, and it is congruent to the case (2) in Theorem 1.2.
(b) f
1
6= g
m−1. In this case, it follows from relations shown in (4.8) that
〈f1, gm−1〉 = 0, −M1 = 2 |f1|
2
|f0|2 = 2
|gm|2
|gm−1|2 = λ
2,
which establishes
K +
‖B‖2
2
= 2, m = n, (4.9)
and f
0
, g
m
: S2 → CPn are both harmonic maps with constant curvature. Thus, by
Lemma 2.2, they are both Veronese surfaces in CPn, up to a U(n+ 1)-motion.
Ifm = n = 1. Here by a direct computation we immediately have P = 0 and φ = f
0
⊕g
1
:
S2 → G(2, 4;C) is totally geodesic with constant curvature K = 2 under the assumption
that {g
0
, g
1
} and {f
0
, f
1
} are mutually orthogonal in CP 1 with constant curvature. Adding
zeros to V
(1)
0 and V
(1)
1 respectively, let V̂
(1)
0 = (0, 0, 1, z)
T and V
(1)
1 =
1
1+zz (−z, 1, 0, 0)T ,
then, up to an isometry of G(2, 4;C), there exists some U ∈ U(4) s.t.
φ = UV̂
(1)
0 ⊕ UV (1)1 : S2 → G(2, 4;C),
such φ is congruent to the case (3) in Theorem 1.2.
If m = n ≥ 2. We obtain
2P =
|gm−1|2
|gm−2|2|gm|2 gmg
∗
m−2 −
1
|f1|2 f2f
∗
0 ,
2[[Az , Az], P ] =
1
|gm−2|2 gmg
∗
m−2+
|gm|2〈f2, gm−1〉
|f1|2|gm−1|4 gm−1f
∗
0−
|gm−1|2〈f1, gm−2〉
|f0|2|gm−2|2|gm|2 gmf
∗
1−
1
|f0|2 f2f
∗
0 .
Then [[Az, Az ], P ] =M2P holds if and only if the following equations
(M2 − |f1|
2
|f0|2 )f2 = −
〈f2, gm−1〉|gm|2
|gm−1|4 gm−1,
(M2 − |gm|
2
|gm−1|2 )gm−2 = −
〈gm−2, f1〉
|f0|2 f1
hold.
If g
m−1 = f2. In this case gm = f3, m = n = 3 and f0 : S
2 → CP 3 is of constant
curvature. Then, by Lemma 2.2, there exists some U ∈ U(4) s.t. f0 = UV (3)0 and
φ = f
0
⊕ f
3
= UV
(3)
0 ⊕ UV (3)3 : S2 → G(2, 4;C).
With a simple test we know that such φ is of parallel second fundamental form with K = 23
and ‖B‖2 = 83 , and it is congruent to the case (4) in Theorem 1.2.
If g
m−1 6= f2. In this case we have
〈f2, gm−1〉 = 0, M2 = |f1|
2
|f0|2 =
|gm|2
|gm−1|2 =
λ2
2
.
16
Then combining it with (4.9) we have
K = 1, ‖B‖2 = 2.
Thus
m = n = 2,
and {g
0
, g
1
, g
2
} and {f
0
, f
1
, f
2
} are mutually orthogonal harmonic sequences in CP 2 with
constant curvature. By a simple test we know
φ = g
2
⊕ f
0
: S2 → G(2, 6;C)
is of parallel second fundamental form. Then let V̂
(2)
0 = (0, 0, 0, 1,
√
2z, z2)T and
V
(2)
2 =
2
(1+zz)2 (z
2, −√2z, 1, 0, 0, 0)T , there exists some U ∈ U(6) s.t.
φ = UV̂
(2)
0 ⊕ UV (2)2 : S2 → G(2, 6;C),
which is congruent to the case (5) in Theorem 1.2. Summing up, we get the conclusion. 
Lemma 4.3 gives a complete classification of φ with parallel second fundamental form
and rank ∂′φ = rank ∂′′φ = 1 when it is a mixed pair. Finally we need to consider the
case that φ = f
i
⊕ c0 : S2 → G(2, N ;C), which is a linearly full harmonic map with
∇B = 0, 1 ≤ i ≤ N − 3 and c0 = (0, . . . , 0, 1)T ∈ CN , then we find the following harmonic
sequence:
0
∂′′←− f
0
∂′′←− · · · ∂′′←− f
i−1
∂′′←− φ = f
i
⊕ c0 ∂
′−→ f
i+1
∂′−→ · · · ∂′−→ f
n
∂′−→ 0,
i ≥ 1, n ≥ i+ 1, N = n+ 2. At first we use φ = c0c∗0|c0|2 +
fif
∗
i
|fi|2 to compute
λ2 =
|fi+1|2
|fi|2 +
|fi|2
|fi−1|2 . (4.10)
This implies further that f
i
: S2 → CPn is of constant curvature, using the rigidity theorem
of Bolton et al ([2]), up to a holomorphic isometry of CPn, there exists some U ∈ U(n+1)
s.t. fi = UV
(n)
i .
Lemma 4.4. Let φ = f
i
⊕ c0 : S2 → G(2, N ;C) be a linearly full conformal minimal
immersion with parallel second fundamental form and 1 ≤ i ≤ N − 3, then φ is congruent
to cases (6) or (7) in Theorem 1.2.
Proof. By using relation [Az, [Az , Az]] = M1Az we get −M1 = |fi+1|
2
|fi|2 =
|fi|2
|fi−1|2 , which
establishes that
2i = n, K +
‖B‖2
2
= 1. (4.11)
If i = 1. Then we have n = 2 and
φ = UV
(2)
1 ⊕ c0 : S2 → G(2, 4;C)
for some U ∈ U(4)(adding zero to the end of V (2)1 s.t. it belongs to C4). With a simple
test we know that such φ is totally geodesic with K = 1, and it is congruent to the case
(6) in Theorem 1.2.
If i ≥ 2. Here we obtain
2P =
|fi−1|2
|fi|2|fi−2|2 fif
∗
i−2 −
1
|fi+1|2 fi+2f
∗
i , [[Az , Az], P ] = 0,
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which implies
K =
1
3
, ‖B‖2 = 4
3
, i = 2 (4.12)
from [[Az , Az], P ] =M2P and (4.11). With a simple test we know, for any U ∈ U(6),
φ = UV
(4)
2 ⊕ c0 : S2 → G(2, 6;C)
is of parallel second fundamental form(adding zero to the end of V
(4)
2 s.t. it belongs to
C
6), and it is congruent to the case (7) in Theorem 1.2. This finishes the proof. 
Summing Lemmas 4.2-4.4, we get Theorem 1.2 in Section 1.
5. Minimal two-spheres with parallel second fundamental form and rank
∂′φ = 1, rank ∂′′φ = 2
In this section we analyze conformal minimal immersions φ from S2 to G(2, N ;C) with
parallel second fundamental form, rank ∂′φ = 1 and rank ∂′′φ = 2. From φ, a harmonic
sequence is derived as follows:
0
∂′′←− · · · ∂′′←− φ−1
∂′′←− φ ∂′−→ φ
1
∂′−→ · · · ∂′−→ 0. (5.1)
Since φ
1
is of rank one and it is harmonic, we can write φ
1
= f
i+1
, where fi+1 is a local
section of φ
1
and it belongs to the following harmonic sequence in CPn
0
∂′−→ f
0
∂′−→ f
1
∂′−→ · · · ∂′−→ f
i
∂′−→ · · · ∂′−→ f
n
∂′−→ 0
for some 1 ≤ i ≤ n−1, here f0, . . . , fn satisfy equations (2.9) and (2.10). From (5.1), since
fi is a local section of φ and rank φ = 2, there exists another local section α of φ such that
φ = α⊕ f
i
. Set
α1 = ∂α− 〈∂α, α〉|α|2 α, α−1 = ∂α−
〈∂α, α〉
|α|2 α, β = A
′′
φ(fi), γ = β
⊥ ∩ φ−1,
then φ−1 is spanned by local sections β and γ.
To characterize φ and give its classification, at first we state one of Burstall and Wood’
results ([3]) as follows:
Lemma 5.1 ([3]). Let φ : S2 → G(2, N ;C) be a harmonic map with ∂′φ of rank one
and A′′φ(kerA
′⊥
φ ) 6= 0. Let α be the holomorphic subbundle of φ defined by kerA′φ, then
backward replacement of β = α⊥
⋂
φ produces a new harmonic map φ˜ = α ⊕ Im(A′′φ|β) :
S2 → G(2, N ;C), where ∂′φ˜ = β, ∂(i)φ˜ = ∂(i−1)φ for i ≥ 2.
Using this lemma, by backward replacement of f
i
, we obtain a new harmonic map
φ(1) = α⊕ β : S2 → G(2, N ;C), which belongs to the following harmonic sequence
0
∂′′←− · · · ∂′′←− φ(1) = α⊕ β ∂′−→ f
i
∂′−→ · · · ∂′−→ f
n
∂′−→ 0.
Then fi−1 is a local section of α⊕ β and
α1 =
〈α, fi−1〉
|fi−1|2 fi, α−1 =
〈∂α, β〉
|β|2 β +
〈∂α, γ〉
|γ|2 γ.
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By making use of φ = αα
∗
|α|2 +
fif
∗
i
|fi|2 , it was proved that
Az =
fif
∗
i+1
|fi|2 +
〈fi−1, β〉
|fi−1|2|β|2βf
∗
i −
α−1α∗
|α|2 , λ
2 =
|fi+1|2
|fi|2 +
|〈β, fi−1〉|2|fi|2
|fi−1|4|β|2 +
|α−1|2
|α|2 ,
(5.2)
[Az, [Az, Az ]] = [
|〈fi−1,β〉|2
|fi−1|4|β|2 − 2
|fi+1|2
|fi|4 ]fif
∗
i+1 + [
〈fi−1,β〉|fi+1|2
|fi−1|2|fi|2|β|2 − 2
|〈fi−1,β〉|2〈fi−1,β〉|fi|2
|fi−1|6|β|4 ]βf
∗
i
+2 |α−1|
2
|α|4 α−1α
∗ + 2 |〈fi−1,β〉|
2〈α−1,β〉|fi|2
|fi−1|4|α|2|β|4 βα
∗ − 2 〈fi−1,β〉〈β,α−1〉|fi−1|2|α|2|β|2 α−1f∗i
+ |〈β,fi−1〉|
2〈β,fi+1〉
|fi−1|4|β|4 fiβ
∗ + 〈α−1,fi+1〉|α|2|fi|2 fiα
∗
−1 +
〈β,fi+1〉〈fi−1,β〉
|fi−1|2|fi|2|β|2 fi+1f
∗
i
− 〈α−1,fi+1〉|α|2|fi|2 fi+1α∗ −
〈β,α−1〉〈fi−1,β〉
|fi−1|2|α|2|β|2 αf
∗
i+1.
Hence a series calculations give
〈α−1, β〉 = 0, 〈β, fi+1〉 = 0,
M1 + 2
|〈fi−1, β〉|2|fi|2
|fi−1|4|β|2 =
|fi+1|2
|fi|2 , (5.3)
(M1 + 2
|α−1|2
|α|2 )α−1 =
〈α−1, fi+1〉
|fi|2 fi+1, (5.4)
[M1 − |〈fi−1, β〉|
2|fi|2
|fi−1|4|β|2 + 2
|fi+1|2
|fi|2 ]fi+1 =
〈fi+1, α−1〉
|α|2 α−1 (5.5)
from the fact [Az, [Az, Az ]] =M1Az because ∇B = 0. It will be convenient in the following
for us to put
|〈fi−1, β〉|2|fi|2
|fi−1|4|β|2 = a
|fi+1|2
|fi|2 ,
|α−1|2
|α|2 = b
|fi+1|2
|fi|2 ,andλ1 = −
1
λ2|fi|2 , λ2 =
1
λ2|α|2 , λ3 = −
〈β,fi−1〉
λ2|fi−1|2|β|2 .
(5.6)
By analysis (5.3)-(5.5) we can derive that a, b are both constants. Then applying equations
P = ∂(Az
λ2
) and ∂λ1 + λ1
〈∂fi+1,fi+1〉
|fi+1|2 = 0 we obtain
P = λ1fi+2f
∗
i − λ1 |fi|
2
|fi−1|2 fi+1f
∗
i−1 + ∂λ2αα
∗
−1 + λ2
〈∂α,α〉
|α|2 αα
∗
−1 + λ2
〈α,fi−1〉
|fi−1|2 fiα
∗
−1
+λ2α(∂α−1)∗ + ∂λ3fiβ∗ + λ3fi+1β∗ + λ3
〈∂fi,fi〉
|fi|2 fiβ
∗ + λ3fi(∂β)∗.
(5.7)
With it relation [[Az , Az], P ] =M2P is equivalent to the following four equations
λ2(M2 − |α−1|
2
|α|2 )∂α−1 = [(2
|α−1|2
|α|2 −M2)(∂λ2 + λ2
〈α,∂α〉
|α|2 ) + λ2
〈∂α−1,α−1〉
|α|2 ]α−1
+[(1− a)λ1 |fi+1|
2〈α,fi+2〉
|fi|2|α|2 + (1− a)λ2
|fi+1|2〈∂α−1,fi〉
|fi|4
+λ1
|α−1|2〈α,fi+2〉
|α|4 −M2λ1
〈α,fi+2〉
|α|2 ]fi
−[∂λ2 〈α−1,fi+1〉|fi|2 + λ2
〈α−1,fi+1〉〈α,∂α〉
|α|2|fi|2 + λ2
〈∂α−1,fi+1〉
|fi|2 ]fi+1,
(5.8)
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λ3[M2 − (a− 1) |fi+1|
2
|fi|2 ]∂β = [(2a− 1)
|fi+1|2
|fi|2 (∂λ3 + λ3
〈fi,∂fi〉
|fi|2 ) + aλ3
|fi+1|2〈∂β,β〉
|fi|2|β|2 −M2∂λ3
−M2λ3 〈fi,∂fi〉|fi|2 ]β + [(a+ b− 1)λ2
|fi+1|2〈fi−1,α〉
|fi|2|fi−1|2 + λ3
〈∂β,α−1〉
|α|2
−λ2M2 〈fi−1,α〉|fi−1|2 ]α−1 − [λ2
〈α−1,fi+1〉〈fi−1,α〉
|fi|2|fi−1|2 + λ3
〈∂β,fi+1〉
|fi|2 ]fi+1,
(5.9)
M2(λ3fi+1β
∗ − λ1 |fi|
2
|fi−1|2 fi+1f
∗
i−1) = (a+ 1)λ3
|fi+1|2
|fi|2 fi+1β
∗ − λ1 |fi+1|
2
|fi−1|2 fi+1f
∗
i−1
+λ1
|fi|2〈fi+1,α−1〉
|α|2|fi−1|2 α−1f
∗
i−1 − λ3 〈fi+1,α−1〉|α|2 α−1β∗
+λ1
|fi|2|α−1|2〈α,fi−1〉
|fi−1|2|α|4 fi+1α
∗ − aλ1 |fi+1|
2〈β,fi−1〉
|fi−1|2|β|2 fi+1β
∗,
(5.10)
[M2 − (1− a) |fi+1|
2
|fi|2 ](fi+2 −
〈fi+2, α〉
|α|2 α) = −
〈fi+2, α−1〉
|α|2 α−1 − a
|fi+1|2〈fi+2, β〉
|β|2|fi|2 β.
(5.11)
From (5.4) and (5.5), in order to get the explicit expression of φ, we distinguish two cases:
α−1 = f i+1, whereas α−1 6= f i+1.
5.1. The case α−1 = f i+1. We observe that in this case a = b =
3
4 , and by (5.3)-(5.5) we
immediately have the following formulae
λ2 =
5|fi+1|2
2|fi|2 , M1 = −
|fi+1|2
2|fi|2 , (5.12)
which shows
K +
‖B‖2
2
=
2
5
.
Relation (5.10) then gives
(M2 +
|fi+1|2
2|fi|2 )(λ1
|fi+1|2
|fi−1|2 fi−1 − λ3
|fi+1|2
|fi|2 β) = 0. (5.13)
Of importance is the induced metric of φ shown in (5.12), which can be interpreted that
f
i
: S2 → CPn is harmonic with constant curvature. Then using the rigidity theorem of
Bolton et al ([2]), up to a holomorphic isometry of CPn, there exists some U ∈ U(n + 1)
s.t. fi = UV
(n)
i . We therefore establish the following lemma:
Lemma 5.2. Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion in
(5.1) with ∇B = 0 and α−1 = f i+1, then up to U(4) equivalence, φ belongs to case (1) in
Theorem 1.3.
Proof. Here we first claim that
M2 +
|fi+1|2
2|fi|2 6= 0.
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Otherwise ifM2+
|fi+1|2
2|fi|2 = 0, it means that K = 0, ‖B‖2 =
4
5 , which is impossible. Then
by (5.13), we use the equation λ1
|fi+1|2
|fi−1|2 fi−1 = λ3
|fi+1|2
|fi|2 β to prove
β = f
i−1, φ−1 = f i−1 ⊕ f i+1, n = i+ 2,
which implies that
i = 1, n = 3, φ = f
1
⊕ f
3
: S2 → G(2, 4;C).
Finally it is easy to check that, for any U ∈ U(4),
φ = UV
(3)
1 ⊕ UV (3)3 : S2 → G(2, 4;C)
is totally geodesic with K = 25 . So we get the conclusion. 
5.2. The case α−1 6= f i+1. It is importance to rewritten the formulae in (5.3)-(5.5) as
〈α−1, fi+1〉 = 0, 〈β, fi−1〉〈fi−1, β〉|fi|
2
|fi−1|4|β|2 =
|fi+1|2
|fi|2 =
2|α−1|2
|α|2 , (5.14)
λ2 =
5|fi+1|2
2|fi|2 , M1 = −
|fi+1|2
|fi|2 , (5.15)
which shows
K +
‖B‖2
2
=
4
5
. (5.16)
From the metric given in (5.15) and applying ∇B = 0, with a similar discussion, up to a
holomorphic isometry of CPn, there exists some U ∈ U(n+1) s.t. fi = UV (n)i . Especially,
equation (5.10) can be transformed as
(M2 − |fi+1|
2
2|fi|2 )〈fi−1, α〉 = 0.
With it, to classify φ, we shall divide our discussion into two cases, according as β = f
i−1,
whereas β 6= f
i−1. In the following we discuss these two cases respectively to prove the
following two lemmas.
Lemma 5.3. Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion in
(5.1) with ∇B = 0 and α−1 6= f i+1, β = f i−1, then up to an isometry of G(2, N ;C), φ
belongs to case (2) in Theorem 1.3.
Proof. Assumption β = f
i−1 preserves the following relation
〈β, fi−1〉〈fi−1, β〉|fi|2
|fi−1|4|β|2 =
|fi|2
|fi−1|2 ,
combining it with (5.14) we get
n = 2i. (5.17)
In the following we discuss φ in cases n ≥ i+2, M2 = 0; n ≥ i+2, M2 6= 0 and n = i+1
respectively.
At first, if n ≥ i+ 2, M2 = 0. By comparing K = ‖B‖
2
4 and (5.16)
K =
4
15
, ‖B‖2 = 16
15
.
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In substituting the metric of φ shown in (5.15) into the equation K = 415 , we immediately
get
i = 2, n = 4.
With a little change of notation, equations (5.8)-(5.11) can be rewritten in the form
∂λ2 + λ2
〈∂α, α〉
|α|2 + λ2
〈α−1, ∂α−1〉
|α−1|2 = 0, (5.18)
∂λ3 + λ3
〈∂fi, fi〉
|fi|2 + λ3
〈β, ∂β〉
|β|2 = 0, (5.19)
〈α−1, fi+2〉 = 0, 〈β, fi+2〉 = 0, 〈∂β, α−1〉 = 0, ∂α−1 = 〈∂α−1, α−1〉|α−1|2 α−1.
Then expression of P becomes
P = λ1f4f
∗
2 + λ3
〈f0, ∂β〉
|f0|2 f2f
∗
0
by substituting (5.18) (5.19) into (5.7). Clearly, straightforward calculations give the square
of the length of the second fundamental form
‖B‖2 = 4trPP ∗ = 4[|λ1|2|f2|2|f4|2 + |λ3|2 〈f0, ∂β〉〈∂β, f0〉|f2|
2
|f0|2 ] =
64
75
,
which contradicts the fact that ‖B‖2 = 1615 .
Next, if n ≥ i + 2, M2 6= 0. We shall prove that this assumption is also not true. For
this purpose we first consider (5.11), which reduces to M2fi+2 = − 〈fi+2,α−1〉|α|2 α−1, it further
implies that
α−1 = f i+2, M2 = −
|fi+1|2
2|fi|2 , (5.20)
then we find
K =
2
15
, ‖B‖2 = 4
3
by (5.15) (5.16) and (5.20). Observe the induced metric and Gauss curvature of φ, similarly
we verify i = 3, n = 6 and
φ = f
3
⊕ f
6
: S2 → G(2, 7;C).
Applying Lemma 3.2, with a straightforward calculation we know that, for any U ∈ U(7),
φ = UV
(6)
3 ⊕ UV (6)6 : S2 → G(2, 7;C)
does not have parallel second fundamental form.
At last, if n = i+ 1. This relation together with (2.7) (5.15) and (5.17) imply
i = 1, n = 2, K =
4
5
, ‖B‖2 = 0.
Then
M2 =
2|fi+1|2
|fi|2 .
Substituting it into (5.8), we get
∂α−1 =
〈∂α−1, α−1〉
|α−1|2 α−1.
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Then by using (2.1), the subbundle α is harmonic in CP 1 since φ = α ⊕ f
i
is harmonic
and β = f
i−1. Hence there exists local sections g0, g1 such that
α−1 = g0, α = g1,
where g0 is holomorphic (without loss of generality, we assume ∂g0 = 0) and {g0, g1}
and {f
0
, f
1
, f
2
} are mutually orthogonal harmonic sequences in CP 1 and CP 2 respec-
tively with constant curvature. Adding zeros to V
(1)
1 and V
(2)
1 respectively, let V̂
(1)
1 =
1
1+zz (0, 0, 0, −z, 1)T and V
(2)
1 =
1
1+zz (−2z,
√
2(1 − zz), 2z, 0, 0)T , then, up to an
isometry of G(2, 5;C), there exists some U ∈ U(5),
φ = UV̂
(1)
1 ⊕ UV (2)1 : S2 → G(2, 5;C).
By an immediately computation, such φ is totally geodesic with K = 45 , it belongs to case
(2) in Theorem 1.3. Thus we get the conclusion. 
In the following we discuss the case β 6= f
i−1. Under this assumption, from (5.8)-(5.11)
we find
n = i+ 1, K − ‖B‖
2
4
=
1
5
, ∂β =
〈∂β, α−1〉
|α−1|2 α−1 +
〈∂β, β〉
|β|2 β, (5.21)
and relations (5.18) and (5.19) also hold here. By combining (5.16) and the second relation
in (5.21) we conclude
K =
2
5
, ‖B‖2 = 4
5
,
which induced that
i = 3, n = 4.
In order to give a complete classification of such φ, we need the following important equa-
tion
〈β, f1〉 = 0,
which is obtained by substituting the expression of λ3 into (5.19), and using (5.15). Finally,
we end our classification for such harmonic maps by the following lemma.
Lemma 5.4. Let φ : S2 → G(2, N ;C) be a linearly full conformal minimal immersion in
(5.1) with ∇B = 0 and α−1 6= f i+1, β 6= f i−1, then up to an isometry of G(2, N ;C), φ
belongs to case (3) in Theorem 1.3.
Proof. By previous analysis, φ(1) gives rise to the following harmonic sequence
0
∂′′←− · · · ∂′′←− α−1 ∂
′′←− φ(1) = α⊕ β ∂′−→ f
3
∂′−→ f
4
∂′−→ 0. (5.22)
At first we claim
A
′′
φ(1)
(kerA
′⊥
φ(1)
) 6= 0. (5.23)
Otherwise if A
′′
φ(1)
(kerA
′⊥
φ(1)
) = 0, then according to Lemma 3.3 we conclude φ(1) is a Frenet
pair and φ(1) = f
1
⊕ f
2
. Hence we have β = f
2
by means of the equation 〈β, f1〉 = 0 ,
which contradicts the fact β 6= f
i−1. Thus (5.23) holds.
In view of properties of harmonic sequence (5.22) we notice that, f
2
is a subbundle with
rank one of φ(1), let
γ = f⊥
2
∩ φ(1),
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then φ(1) can be rewritten as φ(1) = γ⊕f
2
: S2 → G(2, N ;C). Here γ is a holomorphic sub-
bundle of φ(1), it satisfiesA′
φ(1)
(γ) = 0 andA′′
φ(1)
(f2) 6= 0, i.e. γ = kerA′φ(1) , A′′φ(1)(kerA
′⊥
φ(1)
) 6=
0. Then Lemma 5.1 shows that, the backward replacement of f
2
produces a new harmonic
map
φ(2) = α−1 ⊕ γ : S2 → G(2, N ;C),
it derives a harmonic sequence as follows:
0
∂′′←− · · · ∂′′←− α−2 ∂
′′←− φ(2) = α−1 ⊕ γ ∂
′−→ f
2
∂′−→ f
3
∂′−→ f
4
∂′−→ 0,
where α−2 = ∂α−1 − 〈∂α−1,α−1〉|α−1|2 α−1.
By a similar discussion we also claim
A
′′
φ(2)
(kerA
′⊥
φ(2)
) 6= 0.
Otherwise if A
′′
φ(2)
(kerA
′⊥
φ(2)
) = 0, then φ(2) is a Frenet pair from Lemma 3.3, and φ(2) =
f
0
⊕ f
1
. Since α−1 6= f1, it is possible for us to put
α−1 = f0 + x1f1, γ = −x1|f1|2f0 + |f0|2f1, β = f2 + x2γ,
where x1 and x2 are smooth functions on S
2 expect some isolated points. So it veri-
fies x2 = 0 from the relation 〈β, f1〉 = 0, i.e. β = f2, which is a contradiction. Thus
A
′′
φ(2)
(kerA
′⊥
φ(2)
) 6= 0 holds.
Reusing the above methods, f
1
is a subbundle with rank one of φ(2), let γ1 = f⊥
1
∩φ(2),
then φ(2) can be rewritten as φ(2) = γ1 ⊕ f
1
. The backward replacement of f
1
produces a
new harmonic map
φ(3) = α−2 ⊕ γ1 : S2 → G(2, N ;C),
it belongs to the following harmonic sequence:
0
∂′′←− · · · ∂′′←− φ(3) = α−2 ⊕ γ1 ∂
′−→ f
1
∂′−→ f
2
∂′−→ f
3
∂′−→ f
4
∂′−→ 0. (5.24)
In harmonic sequence (5.24) we notice that f
0
is a subbundle with rank one of φ(3), it
satisfies A
′′
φ(3)
|f0 = 0, i.e.
A
′′
φ(3)
(kerA
′⊥
φ(3)
) = 0,
hence φ(3) is a mixed pair. Suppose therefore that φ(3) = g
m
⊕ f
0
, g
m
and f
0
are anti-
holomorphic and holomorphic curves in CPm and CPn respectively such that h1⊥gm.
Then it is reasonable to put
γ1 = gm + x3f0, α−2 = −x3|f0|2gm + |gm|2f0, γ = γ1 + x4f1,
where x3 and x4 are smooth functions on S
2 expect some isolated points. We thus derive
x4 = 0 from the fact 〈β, f1〉 = 0, which gives γ = γ1, α−1 = f1, α−2 = f0, it further
implies
φ(3) = c0 ⊕ f0, φ(1) = c0 ⊕ f2, φ = f3 ⊕ α,
where c0 = (0, . . . , 0, 1)
T .
Next set
α = f2 + x5c0, β = −x5f2 + |f2|2c0, (5.25)
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where x5 is a smooth functions on S
2 expect some isolated points, then using (5.25) we
arrive at
∂x5 = 0, ∂x5 = 0, |x5|2 = 2|f2|2 = 48, 〈∂α, α〉 = 0, 〈∂α, α〉 = 0
according to
α−1 = ∂α−〈∂α, α〉|α|2 α, α1 = ∂α−
〈∂α, α〉
|α|2 α =
〈α, f2〉
|f2|2 f3,
|α−1|2
|α|2 =
|f4|2
2|f3|2 , |f2|
2 = |V (4)2 |2 = 24
respectively, the last equation follows from (2.11).
This together with (3.2) implies finally that such φ = f
3
⊕ α is of second fundamental
form, it belongs to case (3) in Theorem 1.3, which completes the proof. 
Summing Lemmas 5.2-5.4, we obtain Theorem 1.3 in Section 1.
6. ∂
′
-irreducible and ∂
′′
-irreducible minimal two-spheres with parallel
second fundamental form
Let φ be a conformal minimal immersion from S2 to G(2, N ;C) with rank ∂
′
φ = rank
∂
′′
φ = 2. Suppose φ is of parallel second fundamental form, in this section we analyze φ
by r = 1 and r ≥ 2 respectively, where r is the isotropy order of φ.
(a) r = 1. Here we consider harmonic map φ : S2 → G(2, N ;C) of finite isotropy order
r = 1 under the supposition rank ∂
′
φ = rank ∂
′′
φ = 2, then φ belongs to the following
harmonic sequence
0
∂′′←− · · · ∂′′←− φ−1
∂′′←− φ ∂′−→ φ
1
∂′−→ · · · ∂′−→ 0. (6.1)
Since r = 1, it is easy to see that there exists a local unitary frame e0, e1, e2, e3, e4
of S2 × CN such that {e0, e1}, {e0, e2}, {e3, e4} locally span subbundles φ1, φ−1, φ of
S2 × CN respectively, and
φ−1 ∩ φ1 = e0, A
′
φ(e3) = e0.
Let W−1 = (e0, e2), W0 = (e3, e4), W1 = (e0, e1), then
W ∗1W−1 =
(
1 0
0 0
)
. (6.2)
Observing the fact φ = W0W
∗
0 , then by using (2.5), it is not difficult to get the following
equations:
Az =W−1Ω∗−1W
∗
0 +W0Ω
∗
0W
∗
1 ,
[Az, [Az , Az]] = −2W−1Ω∗−1Ω−1Ω∗−1W ∗0 − 2W0Ω∗0Ω0Ω∗0W ∗1 +W−1Ω∗−1Ω∗0Ω0W ∗0
+W0Ω
∗
0W
∗
1W−1Ω
∗
−1Ω−1W
∗
−1 +W1Ω0Ω
∗
0W
∗
1W−1Ω
∗
−1W
∗
0
+W0Ω−1Ω∗−1Ω
∗
0W
∗
1 .
Hence we immediately get
M1Ω
∗
−1 = −2Ω∗−1Ω−1Ω∗−1 +Ω∗−1Ω∗0Ω0 +W ∗−1W1Ω0Ω∗0W ∗1W−1Ω∗−1, (6.3)
M1Ω
∗
0 = −2Ω∗0Ω0Ω∗0 +Ω−1Ω∗−1Ω∗0 +Ω∗0W ∗1W−1Ω∗−1Ω−1W ∗−1W1 (6.4)
from the fact [Az, [Az, Az ]] = M1Az. For convenience, using relation A
′
φ(e3) = e0, it is
possible for us to put
Ω−1 =
(
x y
z w
)
, Ω0 =
(
λ ν
0 µ
)
, (6.5)
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which are both (2× 2)-matrices of rank two. By comparing every elements of matrix Ω0,
condition (6.4) is equivalent to the equations
M1λ = λ(−2|λ|2 − 2|ν|2 + 2|x|2 + |y|2 + |z|2) + ν(xz + yw),
0 = µ(xz + yw − 2λν),
M1µ = µ(−2|ν|2 − 2|µ|2 + |z|2 + |w|2),
M1ν = ν(−2|λ|2 − 2|µ|2 − 2|ν|2 + |x|2 + 2|z|2 + |w|2) + λ(xz + yw)
(6.6)
by (6.2) and (6.5). From above equations in (6.6) we claim
ν = 0. (6.7)
Otherwise by using λ 6= 0, µ 6= 0 and ν 6= 0 we derive xz + yw = 2λν,M1 = −2|µ|2 − 2|ν|2 + |z|2 + |w|2,
M1 = −2|µ|2 − 2|ν|2 + |x|2 + 2|z|2 + |w|2,
(6.8)
then x = 0, z = 0 can be obtained by comparing the second and the third equations of
(6.8), which contradicts our supposition rank Ω−1 = 2 and then verifies (6.7). So we have
the following conclusions M1 = −2|λ|
2 + 2|x|2 + |y|2 + |z|2,
M1 = −2|µ|2 + |z|2 + |w|2,
xz + yw = 0
(6.9)
hold.
Next we consider (6.3) by induction. Applying (6.2) and (6.5), condition (6.3) holds if
and only if the following equations
(M1 + 2|x|2 + 2|y|2 − 2|λ|2)x = 0, (6.10)
(M1 + 2|x|2 + 2|y|2 − |λ|2)y = 0, (6.11)
(M1 + 2|z|2 + 2|w|2 − |λ|2 − |µ|2)z = 0, (6.12)
(M1 + 2|z|2 + 2|w|2 − |µ|2)w = 0 (6.13)
hold, which implies x = 0 or y = 0 by observing (6.10) and (6.11).
Here we claim
x = 0. (6.14)
In order to achieve our objective, we first discuss the case x 6= 0. In view of (6.10)-(6.13)
we get y = z = 0 and w 6= 0. (6.10) becomes M1 = 2|λ|2 − 2|x|2, comparing it with the
first equation of (6.9), M1 = 0, which is impossible. At present, we have made (6.14) true,
then it can be clearly seen that (6.3) becomes w = 0,M1 = |λ|2 − 2|y|2,
M1 = |λ|2 + |µ|2 − 2|z|2.
(6.15)
Furthermore by (6.9) and (6.15), we get |y|2 = |µ|2 = −2M1, |z|2 = |λ|2 = −3M1, which
implies
L−1 = L0 = −5M1
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by using L−1 = tr(Ω−1Ω∗−1) and L0 = tr(Ω0Ω
∗
0). It shows that φ : S
2 → G(2, N ;C) is
totally real with ∇B = 0 and r = 1. Then from [1] and Theorem 1.1 of [14],
φ = UV
(4)
1 ⊕ UV (4)3 : S2 → G(2, 5;C)
for some U ∈ U(5) satisfies UV (4)0 = UV (4)4 , which is totally geodesic with K = 15 , and it
is congruent to the case (1) in Theorem 1.4.
(b) r ≥ 2. In this part we consider ∂′-irreducible and ∂′′-irreducible harmonic map
φ : S2 → G(2, N ;C) of isotropy order r ≥ 2 (including the strongly isotropic case), here φ
also derives the harmonic sequence given in (6.1). Since r ≥ 2, φ−1, φ and φ1 are mutually
orthogonal and W ∗1W−1 = 0. Similar calculations give
[Az, [Az , Az]] = −2W−1Ω∗−1Ω−1Ω∗−1W ∗0 − 2W0Ω∗0Ω0Ω∗0W ∗1
+W−1Ω∗−1Ω
∗
0Ω0W
∗
0 +W0Ω−1Ω
∗
−1Ω
∗
0W
∗
1 .
At this time, under the assumption that φ is of parallel second fundamental form, it
following from [Az, [Az , Az]] =M1Az that{
M1I = −2Ω−1Ω∗−1 +Ω∗0Ω0,
M1I = −2Ω∗0Ω0 +Ω−1Ω∗−1,
where I is a (2× 2)-identity matrix, which implies L−1 = L0 = −2M1. It concludes that
φ : S2 → G(2, N ;C) is totally real with parallel second fundamental form and isotropy
order r ≥ 2. Then from [1, 11] and [14] , φ belongs to the following two cases:
(1) φ = UV
(2)
1 ⊕ UV (2)1 : S2 → G(2, 6;C) or φ = JUV (2)1 ⊕ UV (2)1 : S2 → G(2, 6;C) for
some U ∈ U(6);
(2) φ = UV
(4)
2 ⊕ UV (4)2 : S2 → G(2, 10;C) or φ = JUV (4)2 ⊕ UV (4)2 : S2 → G(2, 10;C) for
some U ∈ U(10).
In the absence of confusion, adding zeros to V
(2)
1 , let V̂
(2)
1 =
1
1+zz (0, 0, 0, −2z,
√
2(1−
zz), 2z)T and V
(2)
1 =
1
1+zz (−2z,
√
2(1−zz), 2z, 0, 0, 0)T , in summary, for some U ∈ U(6),
φ shown in (1) can be expressed as
φ = UV̂
(2)
1 ⊕ UV (2)1 : S2 → G(2, 6;C),
which is totally geodesic with K = 12 by a series of calculations. It is congruent to the case
(2) in Theorem 1.4.
Similarly, let
V̂
(4)
2 =
2
(1 + zz)2
(0, 0, 0, 0, 0, 6z2, 6z(zz − 1),
√
6(1− 4zz + (zz)2), 6z(1− zz), 6z2)T ,
V
(4)
2 =
2
(1 + zz)2
(6z2, 6z(zz − 1),
√
6(1− 4zz + (zz)2), 6z(1− zz), 6z2, 0, 0, 0, 0, 0)T ,
in summary, for some U ∈ U(10), φ in (2) can be expressed as
φ = UV̂
(4)
2 ⊕ UV (4)2 : S2 → G(2, 10;C),
which is of parallel second fundamental form withK = 16 and ‖B‖2 = 23 , and it is congruent
to the case (3) in Theorem 1.4.
Summing up, we get Theorem 1.4 in Section 1.
Theorems 1.1-1.4 in Section 1 determine all conformal minimal immersions of parallel
second fundamental form from S2 to G(2, N ;C). It is easy to check that no two of these
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eighteen cases are congruent, i.e., we can not transform any one into another by left
multiplication by U(N).
Up to an isometry of G(2, N ;C), Theorems 1.1-1.4 show that all linearly full confor-
mal minimal immersions of parallel second fundamental form from S2 to G(2, N ;C) are
presented by Veronese surfaces in CPn for some n < N . It is easy to check that these
eighteen minimal immersions are all homogeneous. Of course they contain those given by
([11], Theorem 1.1 and [14], Theorem 1.1), even more than those (cf. cases (1)(2) and (3)
shown in Theorem 1.1 etc.).
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